




















Degenerations of (1, 7)polarized abelian surfaes
F. Melliez and K. Ranestad
0 Introdution
The moduli spae A(1, 7) of (1, 7)polarized abelian surfaes with a level struture was shown by Manolahe and
Shreyer to be rational with ompatiation V (K4) a Fano 3-fold V22 [13℄. This ompatiation is obtained
onsidering the embedding of the abelian surfaes with their level struture in PV0, where V0 is the Shrödinger
representation of the Heisenberg group of level 7. Any suh embedding is invariant under the ation of G7, an
extension of H7 by an involution. The xed points of this involution and its onjugates in G7 form an H7-orbit
of planes P+2 and 3-spaes P
−
3 . The 3-fold V (K4) parametrizes, what we denote by generalized G7-embedded
abelian surfaes. Every suh surfae intersets P+2 in a nite subsheme of length 6, whih we may lassify by
its type, namely the length of its omponents.
In this paper we prove the
Theorem Let A a generalized G7embedded abelian surfae of PV0, then aording to the type of ζA = A ∩P+2
the surfae A is
type of ζA desription
(1, 1, 1, 1, 1, 1) smooth and abelian
(2, 1, 1, 1, 1) translation sroll (E,±σ) with 2 · σ 6= 0
(3, 1, 1, 1) tangent sroll (E, 0)
(2, 2, 2) doubled translation sroll (E,±σ) with 2 · σ = 0 and σ 6= 0
(2, 2, 1, 1) union of seven quadris
(4, 2) union of seven doubled projetive planes
(2, 2, 2)s union of fourteen projetive planes
The two ourring (2, 2, 2) ases (abusively denoted by (2, 2, 2) and (2, 2, 2)s) are speial ones and are desribed
in Fig. 1 (subsetion 4.1).
In the rst setion we rst reall some basi fats on (1, 7)polarized abelian surfaes with level struture,
and onstrut a ompatiation of their moduli spae whih turns out to be the same as the one onstruted
by Manolahe and Shreyer. This alternative proof of their result (note that the main argument appears in
their paper) is inspired by the ase of (1, 5) polarizations [2℄, in partiular we do not use syzygies (although
both onstrutions oinide in the (1, 5) ase!).
The seond setion deals essentially with remarks on prime Fano threefolds of index 12. For the one whih
is endowed by a faithful ation of PSL(2,F7) we give a areful desription of the boundary.
In the last setion we prove the theorem by interpreting the boundary in terms of surfaes in P6 = PV0.
Note that A. Marini investigates also suh degenerations in [14℄ from a dierent interpretation of V (K4),
namely that of twisted ubis apolar to the Kleinian net of quadris.
Notations
The base eld is the one of omplex numbers C. If R is a vetor spae, the Veronese map from R to SnR (as
well as its projetivisation) will be denoted by νn :
R
νn // SnR .
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If s ∈ Hilb(n,PR) the type of s (i.e. the assoiated length partition of n) will be labelled λs :
s
λ // λs .
If H is a hypersurfae of PR then eH = 0 is an equation of H.
The irreduible representations of SL(2,F7) will be denoted by C, W3, W∨3 , U4, U∨4 , W6, U6, U∨6 , W7, W8 and
U8. The algebra of representations of the group SL(2,F7) is a quotient of
Z[C,W3,W∨3 ,U4,U∨4 ,W6,U6,U∨6 ,W7,W8,U8]
where C denotes the trivial representation, Wn denotes an irreduible PSL(2,F7)module of dimension n and
Un denotes an irreduible SL(2,F7)module of dimension n on whih SL(2,F7) ats faithfully.
The orresponding table of multipliation an be found in [13℄ and [5℄ with the following possible identia-
tions
[5℄ V1 V3 = V− V ∗3 V4 = V+ V ∗4 V6 V ′6 V ′∗6 V7 V ′8 V8
[13℄ I W W ′ U U ′ T T1 T2 L M1 M2




















Note that what are denoted by P+2 and P
−





The seven dimensional vetor spaes V0, ...,V5 are irreduible H7modules, a useful multipliation table have
been stolen (among many other things) in [13℄.
1 Moduli spae : a ompatiation
Let A be an abelian surfae, i.e. a projetive omplex torus C2/Λ where Λ is a (maximal) lattie of C2 ≃ R4.
Then the variety Pic0(A) turns to be an abelian surfae as well (isomorphi to (C2)∨/Λ∨); this latter one is
alled the dual abelian surfae of A and will be denoted by A∨. As additive group, the surfae A ats on itself
by translation, if x ∈ A we will denote by τx the orresponding translation.
A line bundle of type (1, 7) on A is the data of an ample line bundle L suh that the kernel of the isogeny
ϕL : A // A∨, x // τ∗x L ⊗L−1
is the ane plane (with origin) over F7, i.e. suh that ker(ϕL ) ≃ Z7 × Z7.
A (1, 7)polarization on A is an element of
{(A,ϕL ) | L is of type (1, 7)}.
Thanks to Mumford, a oarse moduli spae of (1, 7)polarized abelian surfaes exists, we will denote it by
M(1, 7).
Now hoose a generi abelian surfae, say A, then V0 = H0(A,L ) is of dimension 7. The group ker(ϕL ) ≃
Z7 × Z7 beomes a subgroup of PSL(V0). It is ertainly safer to work with linear representations rather than
projetive ones so we need to lift the ation of Z7 × Z7 on PV0 to an ation of one of its entral extensions on
V0. The Shur multiplier of Z7 × Z7 is known to be µ7 so any projetive representation of Z7 × Z7 is indued
by a linear representation of what is alled the Heisenberg group of level 7 and denoted by H7: that is to say
for all n ∈ N∗ and all projetive representation ρ we get a artesian diagram:
1 // µn //SL(n,C) //PSL(n,C) // 1









In this wayV0 beomes a H7-module (of rank 7), this representation is alled the Shrödinger representation
of H7. We have now a way to identied all the vetor spaes H0(A′,L ) for any abelian surfae A′ ∈ M(1, 7) as
they are all isomorphi to V0 as H7-modules. This looks too good to be true. So what is wrong? We impliitly
made an identiation between ker(ϕL ) and Z7 × Z7 and this is ertainly dened up to SL(2,F7) only! So
the onstrution is only invariant under N7 = H7 ⋊ SL(2,F7) whih turns out to be the normaliser of H7 in
SL7(C) ≃ SL(V0) (this seems to be a olletive agreement...).
So to any basis s of ker(ϕL ) orresponds an embedding
ζs : A −→ PV0.
The group SL(2,F7) ats on the set of basis of ker(ϕL ) and we immediately get another ompliation (whih
will turn out to be quite nie after all):
ζs(A) = ζ−s(A).
Let us denote by G7 = H7 ⋊ {−1, 1} ⊂ N7. This group (after killing µ7) is in general the full group of
automorphisms of the surfae ζs(A): if b is any element of Z7 × Z7 and τb : PV0 −→ PV0 is the involution
indued by the orresponding −1 of G7, then τb leaves ζs(A) (globally) invariant and is indued by the
opposite map x 7→ −x on A for a good hoie of the image of the origin on ζs(A). In other words, τb · ζs = ζ−s.
As the ardinality of SL(2,F7)/{−1, 1} = PSL(2,F7) is 168, eah element of M(1, 7) will be embedded in
PV0 in 168 ways (distint in general). We get a brand new moduli spae onsidering a (1, 7)polarized abelian
surfae together with one of its embedding, this moduli spae will be denoted by A(1, 7):
A(1, 7) = {((A,ϕL ), s)| (A,ϕL ) ∈ M(1, 7), s is a basis of ker(ϕL )}/
in whih the equivalene relation  is the expeted one, (X1, s1)  (X2, s2) if ζs1(X1) = ζs2(X2) (fortunately, this
implies X1 = X2). The hoie of basis (or embedding) is the level struture refered to in the introdution.
Here are useful remarks:
i. The surfae ζs(A) is of degree 14;
ii. by onstrution if x ∈ A then the set of 49 points ζs(ϕ−1L (ϕL (x))) is an orbit under the ation of H7 (or
H7/µ7 if we want to be preise);
iii. the above onstrution works as well for ellipti urves, so in partiularPV0 ontains naturally G7invariant
embedded ellipti urves (of degree 7);
iv. if b ∈ Z7×Z7 the involution τb indues a SL(2,F7)module struture on V0, as suh a module V0 splits in
V0 = W3 ⊕U4 where both W3 and U4 are irreduible SL(2,F7)modules of dimension 3 and 4 respetively
(suh that S3W∨3 ≃ S2U4). The projetive plane PW3 and the projetive spae PU4 in PV0 are point by
point invariant by the involution τb. For a given b ∈ Z7 × Z7 these two spaes will often be denoted by
P+2 and P
−
3 (the signs ome from the following: W3 is also a PSL(2,F7)module, i.e. −1 ∈ SL(2,F7) ats
trivially on it, but SL(2,F7) ats faithfully on U4);
v. if E is a G7invariant ellipti urve in PV0 then the urve E intersets any P+2 in one point (orresponding
to the image of 0) and any P−3 in 3 points (orresponding to its non trivial 2torsion points);
vi. the latter holds also for abelian surfaes, with deomposition 6 + 10 orresponding to the odd and even
2torsion points ([12℄);
vii. by adding a nite set of G7invariant heptagons to the union of the G7invariant embedded ellipti urves
of degree 7, one gets a birational model of the Shioda modular surfae of level 7. It intersets eah P+2 in
a plane quarti urve K ′4, the soalled Klein quarti urve ([15℄ or [8℄ whih ontains original referenes
to Klein).
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Following what happens in the (1, 5) ase we next onsider the rational map
κ : PV0 //___ P(H0(OPVO(7))G7)∨
i.e. the blowup of PV0 by the linear system of G7invariant septimis . In what follows, by a `G7invariant
septimi ' we always (and imprudently) mean a septimi in this linear system. The isomorphism of PSL(2,F7)
modules H0(OPVO(7))
G7 ≃ W7 ⊕C shows that κ takes, a priori, its values in a P7. We will see that the image
of κ is in fat ontained in PW7. First we analyse the base lous of these septimi hypersurfaes.
Lemma 1.1 A G7invariant septimi hypersurfaes of PV0 ontains any of the fortynine projetive spaes
P−3 .
Proof. Obviously the vetor spae H0(OPVO(7))
G7
is a PSL(2,F7)module, so onsidering the restrition to
any projetive spae P−3 = PU4 we get a map H0(OPVO(7))G7 −→ H0(OPU4(7)) = S7U∨4 whih need to be
SL(2,F7)equivariant (the entire olletion of P
−
3 's being invariant under the ation of G7). But U4 is a faithful
module for SL(2,F7) and 7 is odd,so the map is the zero map. 
Using Bezout theorem we get
Corollary 1.2 A G7invariant septimi hypersurfae of PV0 ontains any G7invariant ellipti urve of PV0
as well as its translation sroll by a non trivial 2torsion point.
Notie that our forty nine P+2 onstitute an orbit under G7, so it makes sense to onsider the surfae κ(P
+
2 ).
As any objets we are interested in intersets these planes, this will ertainly be a good point to understand
this surfae.
Corollary 1.3 `The' plane P+2 is mapped by κ to a Veronese surfae of degree nine in PW7.
Proof. Let P ∈ H0(OPV0(7))G7 . From the preeding orollary the hypersurfae {P = 0} ontains the Shioda
modular surfae, and in partiular its 7torsion points setions. So the septimi hypersurfae {P = 0} intersets
any plane P+2 along a reduible septimi urve, union of the Klein quarti urve (whih is the urve of 7torsion
points ontained in a plane P+2 ) and a ubi urve. The irreduible PSL(2,F7)modules deomposition of the
vetor spae S3W∨3 ≃W7 ⊕W3 brings us to the prolaimed result, if one noties the equality W7 ≃W∨7 . 
Remark 1.4 This phenomenon holds also in the (1, 5) ase where P+2 is mapped to a (projeted) Veronese
surfae of degree 25 in a Grassmannian Gr(1,P3) ⊂ P5 known as the biseants variety of a ertain rational
sexti urve in P3. The image of the blow-up of `the' line P
−
1 intersets the latter Grassmannian along the sexti
omplex of lines ontained in a plane of a dual sexti of P3. In this ase, any G5embedded (1, 5)polarized
abelian surfae is mapped to a tenseant plane to κ(P+2 ) (whih intersets the sexti omplex along six lines).
Although the same kind of results are expeted in our situation, here is a dierene between the two ases,
namely
Remark 1.5 The vetor spae H0(OPVO(7))
G7
is not given by determinants of (symmetri) Moore matries
([10℄).
Proof. Let us reall rst what is a Moore matrix; we have a nie isomorphism of irreduible N7modules
(dened up to homothety) S2V4 = U4⊗V0 whih indues a map U4 −→ S2V4⊗V∨0 . For a good hoie of basis in
V∨0 we get a 7×7 matrix with oeients in V∨0 whih is alled a (symmetri) Moore matrix. Now onsidering
determinants (i.e. the map S2V4
“S2Λ7” // C ) we get a rst map
S7U4 −→ S7V∨0 = H0(OPV0(7)),
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whih omposed with the projetion to the invariant part yields a map
S7U4 −→ H0(OPV0(7))G7 .
This latter one is ertainly zero: the ation of −1 ∈ SL(2,F7) annot be trivial on any SL(2,F7)invariant
subspae of the vetor spae S7U4. 
Nevertheless anti-symmetri Moore matries play a fundamental role in the (1, 7) ase. They are dened by
the isomorphism of irreduible N7modules Λ2V4 = W∨3 ⊗ V0. The lous (in PV0) where suh matrix drops its
rank are Calabi-Yau threefolds (see [10℄) and will appear in subsetion 3.3.
Proposition 1.6 The image by the map κ of a G7embedded (1, 7)polarized abelian surfae is (generially) a





where the surfae A♭ is the blowup of the surfae A along its intersetion with the base lous of the G7-invariant
septimis .
Proof. Assume the (1, 7)polarization of A ∈ M(1, 7) is given by a very ample line bundle, then from the
G7equivariant resolution of the surfae A in PV0 whih an be found in [13℄, one an hek (or read, it is easier
op. it., appendix) that dim(H0(OA(7))
G7) = 3.




2:1 // κ(A) .
The rst two maps (as well as their degree) ome from the onstrution itself, the degree of the last one is due
to Étienne Bezout.
If κ|A is not nite then it is omposed with a penil. We may assume that Pic(A) has rank 1, i.e. all urves
are hypersurfae setions or translates thereof. But no suh urve is xed by G7, so κ|A has at most isolated
base points. So the linear system is a subsystem of |7 · h|. In partiular if it omposed with a penil the bers
are urves in |h| through the base lous. But there are learly no suh urve, sine already the 49 P−3 span
P6 = PV0. Thus the map κ is nite on A and the proposition follows. 
Let us denote by A(1, 7)v the (open) subset of A(1, 7) orresponding to (1, 7)polarized abelian surfaes for
whih the polarization is given by a very ample line bundle. Using the preeding setion we get a nie embedding
A(1, 7)v in the (ompat) variety of six seant planes to κ(P+2 ) and then a natural ompatiation A(1, 7)v (see
N. Manolahe and F.-O. Shreyer's paper [13℄ for another proof) whih omes with a geometri meaning; we
just need to onsider the proper transform of a sixseant plane of the Veronese surfae by κ−1. Moreover,
any (1, 7)polarized abelian surfae is mapped into the hyperplane PW7 of PH0(OPV0(7))G7 so their union is
ontained in a septimi hypersurfae of PV0. So we have
Corollary 1.7 The moduli spae A(1, 7)v is isomorphi to the unique prime Fano threefold of genus 12 whih
admits PSL(2,F7) as its automorphisms group. The universal (1, 7)polarized abelian surfae with level 7
struture is birational to the unique N7invariant septimi hypersurfae of PV0.
Proof. Let us denote by X7 the unique N7invariant septimi hypersurfae of PV0 and by Bκ the base lous of















κ // Y4 G(3, W7)
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where I ⊂ PW7×G(3, W7) denotes the graph of the inidene orrespondene between PW7 and the (projetive)
bers of the tautologial sheaf over G(3, W7) and where p1 and p2 are the natural projetions. In order to prove
birationality we just need to prove that a general point of X7 is ontained in one (and only one) abelian surfae.
One rst needs to remark, using representation theory for instane, that both the hypersurfaes X7 and Y4 are
irreduible.
Let A ∈ A(1, 7)v a G7embedded abelian surfae. We have:
• the septimi X7 ontains the surfae A;
• the surfae A intersets P+2 along a redued sheme;
• the surfae A is not ontained in the base lous Bκ.
The only non obvious fat is the third item. But Bκ intersets P+2 along a Klein quarti urve K ′4 so if we
had A ⊂ Bκ this would imply the non emptiness of A∩K ′4 and in suh ases A∩P
+
2 admits a double point (see
e.g. setion 2 below) ontraditing the seond item. Next the map A 7−→ A ∩ P+2 is injetive (see [13℄) so the
plane κ(A\Bκ) entirely haraterizes the surfae A. Summing up all we know, we an pretend that two distints
surfaes A and A′ interset eah other either on
• the threefold Bκ (whih is of odimension 2 in X7);
• the preimage by κ of the points in Y4 ⊂ PW7 whih are ontained in more than one six-seant plane to
the Veronese surfae κ(P+2 \K
′
4).
Sine A is not ontained in Bκ, it remains to show that A is not ontained in the seond lous. But one
proves easily that the seond lous is 2-dimensional, being the preimage of the reunion of the Veronese surfae
κ(P+2 \K
′
4) itself and its ruled surfae of triseant lines (for whih the base is isomorphi to the Klein quarti
urve K4 of the dual plane Pˇ
+
2 ). 
Remark 1.8 Notie that one an also prove (using Shubert alulus) that the hypersurfae Y4 has degree four
in PW7 (this is true for any olletion of six-seant planes to suh projeted Verenose surfae).
2 Fano threefolds V22
Let us reall a haraterization of prime Fano threefolds of genus 12 (f [16℄).
Denition-Proposition 2.1 Any Fano threefold of index 1 and genus 12 is isomorphi to the variety of sums
of power V SP(F, 6) = {(ℓ1, ..., ℓ6) ∈ Hilb6PW∨ | eF ≡ Σ6i=1 e4ℓi} of a plane quarti urve F. Conversely, if F is
not a Clebsh quarti (i.e. its ataletiant invariant vanishes), then VSP(F, 6) is a Fano threefold of index 1
and genus 12. Its anti-anonial model is denoted by V22.
2.1 Constrution
Let W be an irreduible SL(3,C)-module of dimension 3, we have a deomposition of SL(3,C)-modules ([9℄)
S2(S2W )∨ = S4W∨ ⊕ S2W
generating an exat sequene
0 −→ S4W∨ −→ Hom(S2W, S2W∨).
So a plane quarti F in PW whose equation is given by `an' element eF of S4W∨ gives rise to `a' morphism
αF : S2W −→ S2W∨ and a quadri QF in P(S2W ) of equation αF(x) · x = 0 or even x ·αF (x) = 0 by the anonial
identiation S2W = (S2W∨)∨. From the equality h0(Iν2(F)(2)) = 7, we get a haraterization of this quadri
by the two properties:
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i. the two forms on W dened by αF(ν2(−)) · ν2(−) and eF are proportional i.e. the quadri QF and the
Veronese surfae ν2(PW ) intersets along the image of the plane quarti F under ν2;
ii. the quadri QF is apolar to the Veronese surfae ν2(PW∨) of PS2W∨ i.e. apolar to eah element of the
vetor spae H0(Iν2(PW∨)(2)) ≃ S2W∨ ⊂ S2(S2W ).
Lemma 2.2 (Sylvester) The minimal integer n for whih VSP(F, n) is non empty is the rank of αF (alled
the ataletiant invariant of the quarti urve).
Proof. This well known result of Sylvester (see e.g. Dolgahev and Kanev [6℄, Elliot [7, page 294℄) an be
dedued from the following observation: let n ∈ N∗, then
ν2(VSP(F, n)) = {(p1, ..., pn) ∈ V SP(QF , n) | p× ∈ ν2(PW∨)}.












is endowed with the two properties whih haraterize the quadri QF: the seond one is a diret onsequene
of H0(Iν2(PW∨)(2)) ⊂ H
0(Iν2()(2)) and the rst one arises by onstrution. Applying ν
−1
2 we get the required
equality. 
Dene the vetor spae Yℓ ⊂ S2W suh that the line ℓ of the plane PW indues the exat sequene
0 // C · e2ℓ
// S2W∨ // Y∨ℓ // 0 ,
that is to say Yℓ is the orthogonal spae (in S2W ) of e2ℓ .
Denition 2.3 The subsheme Cℓ of the plane PW∨ dened by Cℓ = {x ∈ PW∨ | e2x ∈ αF(Yℓ)} = ν
−1
2 (αF (Yℓ))
is alled the antipolar oni of the line ℓ (with respet to the quarti F).




ℓ ) = 0}.
Set n = rank(αF); the onstrution of a point of VSP(F, n) is now very easy by the following
Corollary 2.4 A point (ℓ1, ..., ℓn) lies inside VSP(F, n) if and only if ℓi ∈ Cℓ j when i 6= j,
whih is an easy onsequene of the lassial onstrution of a point of VSP(Q, n) when Q is a quadri of rank
n.
We will need to understand
2.2 Conis on the anti-anonial model
LetV be the seven dimensional vetor spae dened by the exat sequene 0 // W // S3W∨
pF // V // 0
where the seond map is indued by F ∈ S4W∨ ⊂ Hom(W, S3W∨) and denote by V ′2,9 the image of PW∨ in PV
by the Veronese embedding ν3 omposed with the third map pF .
By denition  = (ℓ1, ..., ℓn) ∈ VSP(F, 6) if and only if the image by pF of the six dimensional vetor spae
(in S3W∨) spanned by e3ℓi is of rank 3. Thus we get a map of VSP(F, 6) into the Grassmannian G(3,V ), by
(ℓ1, .., ℓ6) 7→ pF(< ℓ1, ..., ℓ6 >).
Remark 2.5 The image of VSP(F, 6) in the Plüker embedding of the Grassmannian is the anti-anonial model
V22 of this Fano threefold, it is isomorphi to the variety of 6 seant planes to the projeted Veronese surfae
V ′2,9.
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Now it is reasonable to talk about onis on V22.
Denote by F♭ the dual quarti of PW of equation α−1F (e2ℓ ) · e2ℓ = 0, in other words we have F♭ = {ℓ ∈
PW∨ | ℓ ∈ Cℓ} (the quarti F ♭ redues to a doubled oni when n = 5) and by HF the sexti of PW∨ given by
HF = {ℓ ∈ PW∨ | rank(α−1F (e2ℓ )) 6 1}. Let ℓ ∈ PW∨\ HF , then the antipolar oni Cℓ is smooth and we an
write the abstrat rational urve Cℓ as P
1 = PS1 with dim S1 = 2, i.e. we put S1 = H0(OC ℓ(1)). Put Sn := S
nS1,
then PSn is identied with the divisors of degree n on PS1 and we have
Lemma 2.6 The set of divisors of degree 5 on the antipolar oni Cℓ given by {ℓ′ + Cℓ ∩ Cℓ′ , ℓ′ ∈ Cℓ} is a
projetive line in PS5. This g51 admits a base point if ℓ ∈ F♭.
Proof. Let D be suh a divisor. By orollary 2.4 the divisor D is ompletely determined by any one of its
(sub)divisor of degree 1, so the variety of suh divisors is a urve of rst degree in PS5. 
Corollary 2.7 The points of VSP(F, 6) whih ontain a given line ℓ desribe a oni Cℓ on the anti-anonial
model V22. The two onis Cℓ and Cℓ have the same rank.
Proof. Let ℓ outside HF . Then the image of Cℓ by ν3 is a rational normal sexti projeted by the map pF
to a smooth sexti inside P4ℓ := P(pF(H
0(OCℓ(6))))  we have an injetion H
0(OCℓ(6)) ⊂ S3W∨ and it is a
simple matter to hek H0(OCℓ(6)) ∩ ker(pF) is of dimension 2, moreover identifying ker(pF) and W we have
P(H0(O(Cℓ)(6)) ∩W ) = ℓ ⊂ PW . Now P4ℓ also ontains the image of ν3(ℓ) and projeting from this latter
point the sexti beomes :
i. a rational sexti on a quadri of a P3 generially;
ii. a rational quinti on a quadri of a P3 if ℓ ∈ F♭.
These urves are obviously on a quadri, sine a six seant plane to V
′
2,9 passing through the point pF(ν3(ℓ))
will be mapped to a 5-seant (resp 4-seant) line to this rational urve.
Now if ℓ ∈ HF , Cℓ breaks in two lines, say ℓ1 and ℓ2. We get two systems of six seant planes to V ′2,9
ontaining pF(ν3(ℓ)), one of these intersets pF(ν3(ℓ1)) in two xed points and intersets the twisted ubi
pF(ν3(ℓ2)) along a penil of divisors of degree 3. In partiular, suh olletion is mapped to a line by κ. 
Corollary 2.8 If a is not on HF the threefold p1p−12 (Ca) is a quadri one Γa of P4a . If a ∈ HF the one Γa
splits in two P3's.
Remark 2.9 We already get a rst interpretation in terms of abelian surfaes. Putting W = W∨3 and hoosing
the unique PSL(2,F7)-invariant quarti K4 of PW = Pˇ+2 for F we get V = W7, V ′2,9 = κ(P
+
2 ), F ♭ = K ′4. Now
if a ∈ P+2 the proper transform of the quadri one Γa by κ
−1
is by [10℄ birational to a Calabi Yau threefold,
and by the preeding orollary ontains  when Ca is smooth  two ditint penils of speial surfaes : the
one indued by the six seant planes, parametrized by Ca and orresponding generially to abelian surfaes, and
another one indued by the seond ruling (parametrized by Ca) of planes of the one. We think that these last
ones are the same as the ones evoked in [10, remark 5.7℄.
2.3 Boundary for the Klein quarti
Note that the boundary for the general ase is easily deduible from what follows, but one need to introdue a
ovariant of F , this would be beyond the subjet of this paper.
So in this setion, we fous on the surfae ∆F = { ∈ V SP(F, 6) | λ 6= (16)} when the quarti F admits
PSL(2,F7) as its group of automorphisms.
We start by hoosing a faithful embedding 1 −→ SL(2,F7) −→ SL(3,C), so the vetor spae W of our
preeding setion beomes a SL(2,F7)module (neessarily irreduible), say W ≃ W∨3 and the deomposition
S4W3 = C⊕W6 ⊕W8 allows us to onsider the unique PSL(2,F7)invariant quarti K4 of Pˇ+2 = PW3. Suh a
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quarti is alled a Klein quarti and beomes the quarti F of our preeding setion. All the quarti ovariants
of F are equal to F (when non zero) and the Klein quarti K ′4 ⊂ P
+
2 is (by uniity) the quarti F ♭ of the last
setion.
We'll need the lassial
Lemma 2.10 There is a unique SL(2,F7)invariant even theta harateristi ϑ on the genus 3 urve K4 (resp.
K ′4).
Proof. The existene follows diretly by the existene of a SL(2,F7)invariant injetion W3 −→ S2U4 so that
one an illustrate K4 as the jaobian of a net of quadris (in PU∨4 ). It is well known that suh jaobian is
endowed with an even theta harateristi (f [1℄). Reiproally, suh a theta harateristi on a urve of genus
3 omes with a net of quadris and HomSL(2,F7)(W3, S2U) 6= 0 if and only if the four dimensional vetor spae
U equals U∨4 as SL(2,F7)module. 
We have






4 suh that h
0(ϑ+a−xi) = 1, then the antipolar
oni Cxi of xi with respet to K4 ontains x j.
Proof. Let us leave the plane P+2 and take a look at the onguration in P
+
5 = PS2W3 = PW6 = Pˇ
+
5 .
The image of xi by the Veronese embedding ν2 lie on the quadri QK ′
4
. On the other hand, notiing that
HomSL2F7(C, S2S2W3) = C this quadri an be interpreted
• as the inverse of the quadri QK4 ;
• as the Plüker embedding of the Grassmannian of lines of P−3 using the SL(2,F7)-invariant identiation
S2W3 ≃ Λ2U4.
Let us denote by K ′6 the jaobian of the net of quadris given by W3 −→ S2U4 and remember that this urve
is (by uniity) anonially isomorphi to K ′4 itself. So ν2(xi) is a line in P
−
3 (still denoted by ν2(xi)) and this





This interpretation of the (3, 3) orrespondene on K ′4 = K
′
6 indued by the even theta harateristi as the
inidene orrespondene between K
′
6 and its triseant lines is due to Clebsh. Now the three lines ν2(xi) are
onurrent in a and then the three points ν2(xi) of P
+
5 span a projetive plane ontained in the inverse of the
quadri QK4 . In partiular, α−1K4 (ν2(xi)) · ν2(x j) = 0 whih is preisely what we need to laim that x j ∈ Cxi . 
Notie that using the same geometri interpretation we get immediately
Corollary 2.12 If a ∈ K ′4 then the antipolar oni Ca intersets the hessian triangle Ta (ie the hessian of the




4−2a = Ta∩K ′4−2x1−2x2−2x3)).
Proposition 2.13 Let p ∈ ∆ := ∆K
4
, then there exists at least one point a in the support of ζp suh that
a ∈ K ′4 and the type of ζp is one of the following
a ∈/ H6 a ∈ H6
type of ζp
2, 1, 1, 1, 1 2, 2, 1, 1
3, 1, 1, 1 4, 2
2, 2, 2 (2, 2, 2)s
Proof. From the preeding setion, a point p of V SP(K4, 6) is in ∆ if and only if the support of ζp intersets
the quarti urve K ′4. So let a ∈ K
′
4, by orollary 2.4 the only thing to understand is the type of ζp when the




i. Denote (one again) by Sn the two (n + 1)-dimensional vetor spae H0(OCa(n)), we have Sn = SnS1.
As a ∈ K ′4, the (1, 5) orrespondene between the two (isomorphi) rational urves Ca and Ca has a
base point, namely the point a itself on Ca and then redues to a (1, 4) orrespondene. The indued
penil of divisors of degree 4 in PS4 intersets the variety of non redued divisors in six points (as any
generi penil in PS4) and the expeted types of ζp are hene (2, 1, 1, 1, 1) generially, (3, 1, 1, 1) one and
(2, 2, 1, 1) six times (eah orresponding to a point of Ca∩K ′4−{a}). But by the preeding proposition, if
a′ ∈ Ca ∩K ′4 and a 6= a
′
then the two onis Ca and Ca′ interset in a + a
′ + 2a′′ with a′′ ∈ K ′4 hene the
six expeted (2, 2, 1, 1) on Ca beome three (2, 2, 2) for the partiular Klein quarti. Notie that in suh a
ase, the sheme ζp has a length deomposition 2 · (a + a′ + a′′) and there exists a point b ∈ K ′4 so that
h0(ϑ+ b− x) = 1 whenever x ∈ {a, a′, a′′}. Let us denote by bx the intersetion of Cx with the line xb, then
a3 · ba + a′3 · ba′ + a′′3 · ba′′ = 0
is an equation of K4.
ii. suppose now the point a is one of 24 points of intersetion of the quarti K ′4 and its Hessian H6. Suh
points ome 3 by 3 and the group µ3 ats on eah triplet (so there is an order a1, a2, a3 on suh triplet).
Put a = a1. The oni Ca1 is no longer smooth and deomposes in two lines, say ℓ = a1a2 and ℓ
′ = a2a3.
Eah generi point b of the line ℓ gives us a point 2a1+ b+ b′+2a3 = Ca1 ∩Cb + a1+ b of ∆ (hene of type
(2, 2, 1, 1)) with b′ ∈ ℓ dened suh that the degree 4 divisor a2 + a1 + b + b′ on the line ℓ is harmoni.
One an even provide the orresponding equation of the quarti K4
ε(βx + αz)4 − ε(βx − αz)4 − 2αβ{(x + ε(β2z − α2y))4 − x4}+ 2α3β((y + ε z)4 − y4) = 0
with oeients in C[ε]/ε2. We an forget points of ∆ arising from a point of ℓ′, for suh points an
be onstruted as the preeding ones by starting with the point a2 instead of the point a1. The possible
degeneraies follow easily: when (α : β) tends to (1 : 0) we get bak to the well known (2, 2, 2)s ase, the
last equation beomes
(z + ε x)4 − z4 + (x + ε y)4 − x4 + (y + ε z)4 − y4 = 4ε (z3x + x3y + y3z) = 0.
The last possible degeneration arises when (α : β) tends to (1 : 0) in whih ase we get (4, 2) as partition
of 6. 
3 Degenerated abelian surfaes
Now that we understood what was the boundary ∆ of V22 in Hilb(6,P+2 ) we try to understand it in terms of
what we all `degenerated abelian surfaes'. The method we are going to employ is very naïve : given s ∈ ∆,
nd a surfae As in P6 whih intersets P+2 along s and hek that this surfae is sent to a projetive plane by
the map κ, ie that h0(I As(7))
G7 = 5. Obviously translation srolls are andidates and we'll see these are the
good ones. In this setion, we work up to the ation of PSL(2,F7).
3.1 Translation srolls
We'll need the
Proposition 3.1 Every translation sroll of an ellipti normal urve of degree 7 by a 2-torsion point is a smooth
ellipti sroll of degree 7 and ontains 3 ellipti normal urves of degree 7.
Proof. f. [4, proposition 1.1℄ or [15℄. 
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Let us start with s ∈ ∆λ with λ ∈ {(2, 1, 1, 1), (3, 1, 1, 1)}. Only one point of s has a multiple stru-
ture, say p ∈ K ′4 and the support of s onsists in four distint points on the oni Cp. The stabilizer
of (s)red under PSL(2,C) ≃ Aut(Cp) is in general isomorphi to Z22 (if it is bigger onsider the subgroup
{Id, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} in StabPSL(2,C)((s)red) ⊂ S4). Consider the double over Es of Cp ram-
ied at the four points Z22 · p. It is a smooth ellipti urve and we hoose p as origin on Es. Note that, by
proposition 2.11, Es depends only of p so it will be denoted by Ep. Now the linear system |7 · p| is a H7-module
and we an embed Ep in P6 in 168 distint ways, one of them send p ∈ Ep to p ∈ P+2 . Next p ∈ s is doubled
along a line that will interset Cp in a further point, say ps (of ourse p = ps if λ = (3, 1, 1, 1)). Denote by σs
one of the inverse images of ps by the 2 : 1 map Ep −→ Cp.
Proposition 3.2 The translation sroll (Ep,σs) intersets P+2 along s and is mapped by κ to a plane.
Proof. First the biseant variety of Ep intersets P+2 along Cp : indeed suh variety intersets P
+
2 along a oni
(Ep being of degree 7 and invariant under a symmetry whih preserves P+2 ). Next by the previous proposition
suh oni must ontains the three pairs of points of K ′4
2
suh as (q1, q2) where {p, q1, q2} are assoiated to
a same point of K ′4 under the PSL(2,F7)-invariant (3, 3) orrespondene on K
′
4. By proposition 2.11, this
oni is nothing but Cp.
Next as ±σ moves along Cp, the set (Ep,±σ)∩Cp − 2p desribes a penil of degree 4 divisors on Cp, we need
to identify this penil with our penil of degree 4 divisors on Cp (proof of proposition 2.13, item i). But both
penils ontain the three divisors of type (2, 2) suh as 2q1 + 2q2 so they are equal.
The point now is to prove that (Ep,σs) is mapped to a plane under κ i.e. that h0(O(Ep,σs)(7))G7 = 3 or rather
h0(O(Ep,σs)(7))
G7 6 3 by the previous paragraphs. The sroll (Ep,σs) is a P1bundle over Ep (in two ways, these
orrespond to the hoies σs and −σs to dene the sroll) so we have a map
(Ep,σs) −→ Ep




whih turns out to be exat: if a G7invariant septimi S ontains the line R, then its intersetion with (Ep,σs)
ontains Ep ∪G7 ·R whih is of degree 7+ 49× 2× 1. Now our sroll is of degree 14 and by Bezout we onlude
(Ep,σs) ⊂ S. Using a semi-ontinuity argument we just need to nd one ber R suh that h0(OR(7))G7 ≤ 3.





is of rank 3 at most whih is preisely what we needed. 
Of ourse to get the (2, 2, 2) ases it is natural to make σs tend to a 2-torsion point. Then the translation
sroll (Ep,σs) tends to a smooth sroll of degree 7 and everything is lost in virtue of the
Remark 3.3 Any translation sroll (Ep,σs) where σs is a non-trivial 2-torsion point of Ep is ontained in all
our G7-invariant septimi hypersurfaes. Indeed suh a sroll intersets any of the forty-nine P−3 's along a line
and ontains the urve Ep itself, one again Bezout together with the inequality 49× 1 + 7 > 7× 7 allow us to
onlude. However we have
Proposition 3.4 If λs ∈ (2, 2, 2) then there exist an ellipti urve Ep, a two torsion point σs on Ep and a double
struture on the translation sroll (Ep,σs) interseting P+2 along s and mapped to a plane by κ.
Proof. Let s ∈ ∆(2,2,2). By proposition 3.1 one and only one smooth translation sroll X intersets P+2 along
(s)red so we just need to nd a double struture X˜ on X suh that h0(I X˜ (7))G7 = 5. Now X ontains two (in
fat three by 3.1) ellipti urves Ep and Ep′ and by denition is ontained in the two orresponding biseant
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varieties SEp and SEp′ . But these two varieties are the proper transforms by κ
−1
of the two quadri ones Γp and
Γp′ (f orollary 2.8). These two ones interset along the six seant plane to κ(P
+
2 ) orresponding to s so we
are done! The double struture is then easy to understand: one onsiders the double strutures on X\Ep (resp.
X\Ep′) dened by the embedding X −→ SEp (resp. X −→ SEp′ ) and suh strutures oinide on X\(Ep ∪ Ep′). 
3.2 Union of seven quadris
We still have to onsider the missing ases, namely shemes s suh that λs ∈ {(2, 2, 1, 1), (2, 2, 2)s, (4, 2)}. These
are degenerations of the preeding ones. A degenerated ellipti urve is nothing but a heptagon, and suh urves
ome by triplets (E0,E1,E2) (g. 3) with Ei =
⋃6
k=0 ekek+1+i and {ex}x∈Z7 is an orbit of minimal ardinality
under the ation of G7.
The Heisenberg ation on eah urve Ei redues to an ation of Z7. Let us denote by PI the projetive spae
spanned by the points {ei}i∈I.
For i ∈ {0, 1, 2} put Bi =
⋃6
k=0PIki
with Iki = {k + i + 1, k − i − 1, k + 3i + 3, k − 3i − 3}. Then the biseant
variety of Ei is B j + Bk with {i, j, k} = {0, 1, 2}.
Finally let us hoose one of the forty nine P+2 and suppose Ei intersets it in ai+1. We are then ready to
hek the remaining ases:
Let s ∈ ∆ suh that λs = (2, 2, 1, 1) and s = 2 · a1+2 · a3+ b+ b′ with b and b′ on the line a1a2 (Fig. 1). So
we have s ∈ Ca1 ∩ Ca3 . The orresponding degenerated abelian surfae As needs to be on the biseant varieties
of E0 and E2 so we have As ⊂ B1. As B1 is the union of seven P3's the surfae As is the union of seven quadris.
When s moves along Ca1 ∩ Ca3 we get the two other kinds of degenerations :
• if λs = (2, 2, 2)s, then the surfae As degenerates in the union of the fourteen planes B0∩B1∪B1∩B2∪B2∩B0;




3.3 The smooth ase
To begin with let us
Remark 3.5 Choose oordinates (yi)i∈{0,...,6} in V0 together with one of the forty-nine P−3 's of equations y4 =
y3, y5 = y2, y6 = y1. Using the N7-invariant isomorphism Λ2V4 = W∨3 ⊗ V0 let us introdue for x = (x1 : x2 :
x3) ∈ PW3 and y = (y0 : − : y4) ∈ P−3 ⊂ PV0 the matrix
My(x) =

 x2y2 −x3y1 − x1y3 x3y0 −x2y1 − x1y2−x3y3 −x3y2 + x2y3 −x2y1 + x1y2 x1y0
−x1y1 x2y0 x3y1 x3y2 + x2y3

 .
It is the restrition to P−3 of a skew-symmetri Moore matrix M(x, y) (see remarks 1.5, 2.9 and [10℄). This
matrix M(x, y) denes the Calabi Yau threefold whih is the strit transform of the one Γx by κ−1. For general
y ∈ P−3 , My(x) denes 6 points in PW3, meaning there is one abelian surfae ontaining y and six Calabi Yau
threefolds of the preeding type whih ontain this surfae. But My(x) may degenerate for speial points y ∈ P−3
(for suh ases we get more than six points in PW3):
rank of Λ3My(x) y in x in abelian varieties passing through y
3 K6 H6 have a 3seant line
2 C18 K ′4 translation srolls
1 Z K ′4 ∩H6 reduible
where K6 is the unique PSL(2,F7)-invariant urve of degree 6 and genus 3 in P
−
3 , C18 is a PSL(2,F7)-invariant
urve of degree 18 and genus 35 in P−3 (analogue of the Bring urve in the (1, 5) ase) and Z is the minimal




So far, and summing up all the results of this setion, we need, in order to omplete the proof of the
theorem, to show that A is smooth and abelian provided the type of ζA is (1, 1, 1, 1, 1, 1). Now by the Enriques-
Kodaira lassiation of surfaes (see [3, hapter VI℄) omplex tori are entirely haraterized by their numerial
invariants. So any generalized G7embedded abelian surfae is an abelian surfae provided it is smooth. We
begin by the
Lemma 3.6 A generalized G7-embedded abelian surfae A, singular along a urve, intersets `the' plane P+2 in
a non redued sheme.
Proof. Let A a singular generalized G7-embedded abelian surfae. The proposition is obviously true if A is
singular in odimension 0 that is to say if A arries a double struture. For suh surfae, the intersetion of its
redued struture (of degree 7) with any P+2 annot be six distint points so ζA = A ∩ P+2 , whih is of length
six, annot be redued.
By assumption the singular lous of A ontains a urve C. We an also assume C is G7-invariant (if not we
replae C by its orbit under G7).
If C has degree 7, it is neessarily ellipti and, being G7 embedded, intersets P+2 in a point of the Klein urve
K
′
4 so we are done. Indeed the rationality of C (if irreduible) is totally exluded (suh urve admits either a
unique 4-seant plane, a unique triseant line or a (unique) double point, this would be a ontradition with the
irreduibility of V0 as H7module), but C an still splits in the union of seven lines. We want to prove that C is
a heptagon (that is to say ellipti). The stabilizer of one of the lines under the ation of H7 is isomorphi to Z7
so we get, on eah line ℓ ⊂ C, two xed points under the ation of StabH7(ℓ) ≃ Z7 and then an orbit of fourteen
points on C. Notiing all the omponents have the same stabilizer (the only group morphism from Z7 to the
symmetri group S6 is onstant) and onsidering the symmetries of G7 it is easy to prove that these fourteen
points oinide two by two, implying C is a heptagon.
If the singular lous C has degree 14, then the redued struture of it has degree 7 or 14. Only the latter is a
problem. The normalization of the surfae has setional genus (−6) so it onsists of at least seven omponents.
They have the same degree i.e. 1 or 2, so their number must be 7 and their degree must be 2. In partiular,
either the surfae A is ontained in one orbit of seven P3's under G7 or the redued struture of A onsists of
seven planes. In both ases, it is a simple matter to onlude for the only orbits of seven P3's under G7 are
listed in the subsetion 3.2 (onsider for instane their possible instersetions with the forty-nine P+3 ) so the
surfae A appears already in the subsetion 3.2 and the proposition is true for suh surfaes.
The last possible ase is when C has degree 21, but then the surfae A has 14 omponents (its normalization
has setional genus (−13)) so C splits and, as gcd(49, 21) = 7, ontains three G7-invariant urves of degree 7 so
we are bak to the rst ase. 
End of the proof of the theorem.
Let A be a generalized abelian surfae, preimage of a six seant plane of κ(P+2 ) by κ, i.e. ζA = (1, 1, 1, 1, 1, 1).
Sine A ∩K ′4 = ∅ we may divide in two ases; A intersets H6 but not K ′4 in P
+




i. Assume A intersets H6 in P+2 , then A is a smooth plane urve bration and has a triseant line in P
+
2 :
see onstrution in [11℄;
ii. Assume A ∩ H6 = A ∩ K ′4 = ∅. Otherwise A is a translation sroll or a plane urve bration. By the
previous lemma, A is irreduible with isolated singularities. Let us hoose a ∈ P+2 ∩ A and onsider




At . Ya has a quadrati singularity at a, and the general surfae At is smooth at a, so after a
small resolution At will be Cartier there. In the following we will ignore this distintion between Ya and
its small resolution of a and its G7 translates. We have




ontains 8 translation srolls and 4 ellipti urve brations) with normal bundle OA(A) = OA so
ωA = OA(KYa) = OA;
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• A is a Cartier divisor on the Calabi Yau threefold Ya: the threefold Ya is mapped by denition to a











. If Ba ontains a urve D then it has degree at least 14. On the other hand it must lie
on a the translation srolls of the penil At . Let T be suh a sroll and T˜ its desingularization. Then
Pic(T˜ ) =< E0,F >, where E0 is a setion with E20 = 0 and F is a bre. The preimage of the singular
urve on T is the union of two setions E0 and E ′0. Now, Ba annot interset the singular urve on T ,
for degree reasons: At is ut out by ubis, while the intersetion would have ardinality at least 49.
Therefore D · E0 = 0. But then D = α · E0 + β · E ′0, whih is again a ontradition. So Ba is nite.
First Ba ∩ P−3 = ∅: by remark 3.5, the points of P
−
3 ontained in a penil of abelian surfaes are
perfetly idened  as well as the orresponding abelian surfaes: these are either translation
srolls or plane urve brations . Assume Ba has ardinality greater than 49, then beause of the
previous argument it has ardinality greater than 147 = 49 + 2 × 49 where 2 × 49 is the ardinality
of G7 (ating on PV0). But Ba is ontained in the base lous B of the map κ so κ|A smooth has at least
147+ 10× 49 (147 ontained in Ba and the other ones oming from the intersetion of A with the 49













































λs = (2, 2, 2)s
Fig. 1  Possible ongurations of ζs when s ∈ ∆, where eah arrow gives the (rst) diretion along whih









(3, 1, 1, 1)
(2, 2, 1, 1)


















Fig. 3  A triplet of degenerate ellipti urves.
4.2 Some questions





2:1 // κ(A) .
What is the ramiation lous of the last map? Of ourse, the map to the right needs to dene a K3 surfae so
it is ertainly a sexti urve (of genus 4), but it doesn't explain how to reover it (using representation theory
for instane). A good understanding of this point should enable one to get a reonstrution method, as in the
(1, 5) ase, of the abelian surfae A∨. Note that this ramiation lous admits the six points κ(A) ∩ κ(P+2 ) as
double points. Next the surfae A intersets P−3 in ten points, so projeting A from P
−
3 we get maps
A♭
2:1 // K♭A
2:1 // P+2 .
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The last map is ramied along a sexti urve with the six points A ∩P+2 as double points. Hene we have two
maps K♭A
2:1 // P+2 and K♭A
2:1 // κ(A∨) .
Is it possible to nd an (in fat 168) indentiation(s) between P+2 and κ(A∨) suh that the two maps
oinide? The answer is positive in the (1, 5) ase and allows one to identify the moduli spae of (1, 5) polarized
abelian surfaes (without level struture) up to duality. Note that one an easily show that the two sets of six
points A∩P+2 and κ(A)∩ κ(P
+
2 ) are assoiated in Coble's sense. This phenomenom is in fat true for any Fano
threefold V22: given a six seant plane to V ′2,9 (Veronese surfae isomorphi to PW ), it intersets it along six
points assoiated to the orresponding set in PW .
It is possible to show that the Fano threefold VSP(K4, 6) is `stable' by assoiation of points i.e. that there
exists a (dual) Klein urve C in the plane κ(A) suh that κ(A) ∩ κ(P+2 ) is a point of the orresponding variety
VSP(C, 6), isomorphi, up to PSL(2,F7), to V SP(K4, 6). Is the quotient the moduli spae of (1, 7) polarized
abelian surfaes (without level struture) up to duality?
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